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Morphing Active Contours

Marcelo Bertalmio,
Guillermo Sapiro, and Gregory Randall

Abstract—A method for deforming curves in a given image to a desired position in
a second image is introduced in this paper. The algorithm is based on deforming
the first image toward the second one via a Partial Differential Equation (PDE),
while tracking the deformation of the curves of interest in the first image with an
additional, coupled, PDE. The tracking is performed by projecting the velocities of
the first equation into the second one. In contrast with previous PDE-based
approaches, both the images and the curves on the frames/slices of interest are
used for tracking. The technique can be applied to object tracking and sequential
segmentation. The topology of the deforming curve can change without any
special topology handling procedures added to the scheme. This permits, for
example, the automatic tracking of scenes where, due to occlusions, the topology
of the objects of interest changes from frame to frame. In addition, this work
introduces the concept of projecting velocities to obtain systems of coupled PDEs
for image analysis applications. We show examples for object tracking and
segmentation of electronic microscopy.

Index Terms—Partial differential equations, curve evolution, morphing,
segmentation, tracking, topology.

*
1 INTRODUCTION

IN a large number of applications, we can use information from
one or more images to perform some operation on an additional
image. Examples of this are given in Fig. 2. On the top row, we
have two images of consecutive slices of neural tissue obtained
from electronic microscopy. The image on the left has, super-
imposed, the contour of an object (the boundary of a neuron). We
can use this information to drive the segmentation of the next slice,
the image on the right. On the bottom row, we see two consecutive
frames of a video sequence. The image on the left shows a marked
object that we want to track. Once again, we can use the image on
the left to perform the tracking operation in the image on the right.
These are the type of problems we address in this paper.

Our approach is based on deforming the contours of interest
from the first image toward the desired place in the second one.
More specifically, we use a system of coupled Partial Differential
Equations (PDEs) to achieve this (coupled PDEs have already been
used in the past to address other image processing tasks, see [17],
[18] and references therein). The first PDE deforms the first image,
or features of it, toward the second one. The additional PDE is
driven by the deformation velocity of the first one and it deforms
the curves of interest in the first image toward the desired position
in the second one. This last deformation is implemented using the
level-sets numerical scheme developed in [12], allowing for
changes in the topology of the deforming curve. That is, if the
objects of interest split or merge from the first image to the second
one, these topology changes are automatically handled by the
algorithm. This means that we will be able to track scenes with
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dynamic occlusions and to segment 3D medical data where the
slices contain cuts with different topologies.

2 BaAsic CURVE EVOLUTION

Let C(p,t): IR x [0,7) — IR? be a set of closed planar curves.
Assume these curves deform “in time” according to

AC(p,t)
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where 3 is a given velocity and N the inner unit normal to C(p, ).
We should note that a tangential velocity can be added to the flow,
although it will not affect the geometry of the deformation, just the
internal parameterization of the curve C. Therefore, (1) gives the
most general form of geometric deformations for planar curves.

Let's now assume that C(p,t) is the level-set (isophote) of a
given function u : IR? x [0, 7) — IR. Then, in order to represent the
evolution of C by that of u, u must satisfy
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where 3 is computed at the level-sets of w. This is the formulation
introduced by Osher and Sethian [12] to implement curve evolution
flows of the type of (1). This implementation has several advantages
over a direct discretization of (1). Probably, the main advantage is
that changes in the topology of C(p,t) are automatically handled
when evolving u, that is, there is no need for any special tracking of
the topology of the level-sets; see [12] for details and [7], [8] for
theoretical analysis of this flow. The discretization of (2) is
performed with an Eulerian approach (fixed coordinate system),
as opposed to a Lagrangian approach classically used to discretized
(1), where marker particles are used. This gives a numerically stable
digital-grid implementation. These reasons have motivated the use
of this formulation for a large number of applications, including
shape from shading, segmentation, mathematical morphology,
stereo, and regularization. Extensions of the level-sets algorithm to
higher dimensions are of course straightforward.

3 MORPHING ACTIVE CONTOURS

Let Z,(z,y,0) : IR? — IR be the current frame (or slice), where we
have already segmented the object of interest. The boundary of this
object is given by Cz, (p, 0) : IR — IR?. Please note that Cz, may be one
curve or a set of them, as in most of the examples, so this notation is
not entirely correct. Let Zo(x,y) : R? — TR be the image of the next
frame, where we have to detect the new position of the object
originally given by Cz, (p, 0) in Z:(z, y, 0). Let us define a continuous
and Lipschitz function u(z, y,0) : R* — IR, such that its zero level-
set is the curve(s) Cz, (p,0). This function can be, for example, the
signed distance function from Cz,(p,0). Finally, let’s also define
Fi(z,y,0) : R? — Rand Fa(z,y) : R* — IR to be images represent-
ing features of 7, (z, y,0) and Z,(z, y), respectively (e.g., F; = I;, or
Fi equals the edge maps of Z;, i = 1,2). With these functions as
initial conditions, we define the following system of coupled
evolution equations (¢ stands for the marching variable):
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where the velocity B(a:, y,t) is given by
B(I,y,t) = /B(zyyyt)'/\ffl -/\7;1 (4)

and ,/\7;l and ./\7:1 are the normals to the level sets of F; and u,
respectively:



Fig. 1. Projection of velocities is needed to perform tracking (see text).
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The first equation of this system is the morphing equation,
where ((z,y,t) : R*x [0,7) - IR is a function measuring the
“discrepancy” between the selected features F(z,y,t) and
Fa(z,y). This equation is morphing F;(z,y,t) into Fa(z,y,t),
so that f(z,y,00) =0 and Fi(z,y,00) = Fa(z,y,1).

The second equation of this system is the tracking equation. The
velocity in the second equation, 3, is just the velocity of the first one
(BNF,) projected into the normal direction of the level-sets of u (N, ).

Remember that an equation of the type of (3) implies that the
level sets of F; move with normal velocity 8 and the level sets of u
move with normal velocity 3. Thus, if we want the zero-level set of
u to track the evolution of the points in F, the projection of
velocities is required, see Fig. 1. In this figure, the contour C at time
n goes through points A and B in F;. Point A moves with velocity
B normal to its level set in ', and at time n + 1 it has the position
A'. Now, if we consider A as belonging to C, the zero level set of u,
then at time n + 1 this point has the position A” in u. Therefore, the
curve C that went through A and B at time n evolves into curve C’
that goes through points A" and B’ at time n + 1. In other words,
the projection of velocities allows us to perform tracking.

To conclude, since tangential velocities do not affect the
geometry of the evolution, both the level-sets of 7, and u are
following exactly the same geometric flow. In particular, the zero
level-set of u is following the deformation of Cz,, the curve(s) of
interest (detected boundaries in Z;(z,y, 0)). It is important to note
that since Cz, is not necessarily a level-set of Z;(z,y,0) or
Fi(z,y,0), as can be seen in Fig. 1, u is needed to track the
deformation of this curve.

Since the curves of interest in F; and the zero level-set of u have
the same initial conditions and they move with the same geometric
velocity, they will then deform in the same way. Therefore, when the
morphing of F; into 7 has been completed, the zero level-set of u
should be the curve(s) of interest in the subsequent frame Z»(z, y).

One could argue that the steady state of (3) is not necessarily
given by the condition 8 =0, since it can also be achieved with
|| VFi(z,y,t) ||= 0. This is correct, but it should not affect our
tracking since we are assuming that the boundaries to track are not
placed over regions where there is no information and then the
gradient is flat. Therefore, for a certain band around our
boundaries the evolution will only stop when 3 = 0, thus allowing
for the tracking operation.

4 EXAMPLES

For the examples in this paper, we have opted for a very simple
selection of the functions in the tracking system, namely,

Fi=L(Z;), i=1,2, (5)
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Fig. 2. Examples of t e pro lems addressed in t is paper. See text.

and

Bz, y, t) = ‘7:2(17:’;’)) - Fi(z,y, t)v (6)

where £(-) indicates a band around Cz,. That is, for the evolving
curve Cz,, we have an evolving band B of width w around it and
L(f(z,y,1)) = f(z,y,t) if (x,y) is in B, and it is zero otherwise.!
This particular morphing term in (6) is a local measure of the
difference between 7 (t) and Z,. It works increasing the gray value
of Z(xo,yo,t) if it is smaller that Z(zg,yo), and decreasing it
otherwise. Therefore, the steady state is obtained when both values
are equal Vzg,yo in B, with || \vZ; ||# 0. Note that this is a local
measure, and that no hypothesis concerning the shape of the object
to be tracked has been made. Having no model of the boundaries
to track, the algorithm becomes very flexible. Being so simple, the
main drawback of this particular selection is that is requires an
important degree of similarity among the images for the algorithm
to track the curves of interest and not to detect spurious objects. If
the set of curves Cz, isolates an almost uniform interior from an
almost uniform exterior as in Fig 4, then there is no need for a high
similarity among consecutive images. On the other hand, when
working with images such as those in Fig. 3, if Cz,(0) is too far
away from the expected limit lim:_..Cr,(t), then the above
mentioned errors in the tracking procedure may occur. This
similarity requirement concerns not only the shapes of the objects
depicted in the image but especially their gray levels, since this 3
function measures gray-level differences. Therefore, histogram
equalization is always performed as a preprocessing operation.
We have found very satisfactory results for these simple
selections of features and discrepancy functions. Better selections
will of course improve the algorithm performance. We could, for
example, use contrast invariant features to avoid the necessity of
histogram equalization (or contrast invariant discrepancy func-
tions). We could also use discrepancy functions like correlation or
mutual information, or more sophisticated image metrics, to better
capture the information present in the band. We should also note
that this particular selection of 3 only involves information of the
two present images. Better results are expected if information from
additional images in the sequence is taken into account to perform
the morphing among these two. All these variations are part of the












